F: Flippin’ Cards

Problem author: Mike de Vries

Problem: You must orient n cards, each card is upside down with probability p independent of
the other cards (p is drawn uniformly from [0,1]). You go from card 1 to card n. If
card i is right side up, then it takes time x. If card i is upside down, then either you
flip card i in time y or you flip all cards i,i+1,...,n in time z. Determine the
expected time needed to orient all cards using an optimal strategy.
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Observation:

You must orient n cards, each card is upside down with probability p independent of
the other cards (p is drawn uniformly from [0,1]). You go from card 1 to card n. If
card i is right side up, then it takes time x. If card i is upside down, then either you
flip card i in time y or you flip all cards i,i+1,...,n in time z. Determine the
expected time needed to orient all cards using an optimal strategy.

Suppose you have seen ¢ cards. The only thing that impacts the conditional probability
on p (and thus your strategy) is the number of cards that are upside down u.
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You must orient n cards, each card is upside down with probability p independent of
the other cards (p is drawn uniformly from [0,1]). You go from card 1 to card n. If
card i is right side up, then it takes time x. If card i is upside down, then either you
flip card i in time y or you flip all cards i,i+1,...,n in time z. Determine the
expected time needed to orient all cards using an optimal strategy.

Suppose you have seen ¢ cards. The only thing that impacts the conditional probability
on p (and thus your strategy) is the number of cards that are upside down u.

Denote with f(c, u) the expected time to orient the remaining n — ¢ cards if you have
seen ¢ cards and u of them were upside down. If g(c, u) denotes the probability that
the next card is upside down, then you get:

f(c,u)=(1—gq(c,u)) - (flc+1,u)+x)+
g(c,u) -min(f(c+1,u+1)+y,flct+1l,c—u)+2)

The second alternative describes performing move 3: all remaining cards flip, which we
mimic by saying that exactly the previous ¢ — u correct cards were “upside down".
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Problem:
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Algorithm:

You must orient n cards, each card is upside down with probability p independent of
the other cards (p is drawn uniformly from [0,1]). You go from card 1 to card n. If
card i is right side up, then it takes time x. If card i is upside down, then either you
flip card i in time y or you flip all cards i,i+1,...,n in time z. Determine the
expected time needed to orient all cards using an optimal strategy.

Suppose you have seen ¢ cards. The only thing that impacts the conditional probability
on p (and thus your strategy) is the number of cards that are upside down u.

Denote with f(c, u) the expected time to orient the remaining n — ¢ cards if you have
seen ¢ cards and u of them were upside down. If g(c, u) denotes the probability that
the next card is upside down, then you get:

f(c,u)=(1—gq(c,u)) - (flc+1,u)+x)+
g(c,u) -min(f(c+1,u+1)+y,flct+1l,c—u)+2)

The second alternative describes performing move 3: all remaining cards flip, which we
mimic by saying that exactly the previous ¢ — u correct cards were “upside down".
Calculate f(c, u) using dynamic programming in O(n®) and we are done.
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Are we done? In this algorithm, we need to know g(c, u) (= the probability that the next card is
upside down if u cards out of the seen ¢ cards are upside down). How to calculate it?
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Are we done? In this algorithm, we need to know g(c, u) (= the probability that the next card is
upside down if u cards out of the seen ¢ cards are upside down). How to calculate it?

c—u

Calculation: For fixed p, the probability of u cards out of ¢ upside down is (fj) -p'(1—p)
Hence for random p, the probability becomes: fol (C) -x" (1 —x)"Ydx

u
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Are we done? In this algorithm, we need to know g(c, u) (= the probability that the next card is

Calculation:

upside down if u cards out of the seen ¢ cards are upside down). How to calculate it?
For fixed p, the probability of u cards out of ¢ upside down is (fj) -pt(1—p)
Hence for random p, the probability becomes: fol (5) -x" (1 —x)"Ydx
For fixed p, the probability that the next card is upside down is (Z) -pt(1—=p) Y p.
Hence, we find:
fol (E) XML (1= x) T dx f x4 (1= X)) Ydx

1c u c—u c—u

fo(u)-x (1 = x)evdx fo u. (1= x)cudx

q(c,u) =

How to evaluate this?
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Are we done? In this algorithm, we need to know g(c, u) (= the probability that the next card is

Calculation:

upside down if u cards out of the seen ¢ cards are upside down). How to calculate it?
—u

For fixed p, the probability of u cards out of ¢ upside down is (fj) -pt (1= p)°
Hence for random p, the probability becomes: fol (5) -x" (1 —x)"Ydx

u

For fixed p, the probability that the next card is upside down is (Z) -pt(1—=p) Y p.
Hence, we find:

fol (LCI) XU (1= X)X f XU (1= x)“dx
fol (5) x4 (L= x)evdx fo v (1 —x)vdx

q(c,u) =

How to evaluate this?

1. Numeric: We can apply numeric integration (for example, Simpson’s Rule) to calculate this for

all g(c, u): doable, but can be tricky to get past time limit.
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2. Heavy Math: Note that fol x?(1 — x)Pdx is the beta-function: it evaluates to
1
al- bl
X°(1 = x)Pdx = ———
/0 ( ) (a+b+1)!

This formula can be found by trying some small a and b by hand (and can be proven
by AC).
Additionally, we can prove it with induction and partial integration.
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2. Heavy Math: Note that fol x?(1 — x)Pdx is the beta-function: it evaluates to

131 by al - b!
OX( =) X T Grbr)

This formula can be found by trying some small a and b by hand (and can be proven
by AC).

Additionally, we can prove it with induction and partial integration.

Plug in and we get:

Jox Q= x) () (c—u) - (c+1)! w1

fOIXU~(1—X)C_”dX u'(c—u)'(c+2)| o C+2

q(C7 U) =
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card i is upside down if x; < p. Recall that p is also drawn uniformly from [0, 1].
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3. Beautiful Math: Equivalent formalization: for card i, draw uniform random number x; from [0, 1],
card i is upside down if x; < p. Recall that p is also drawn uniformly from [0, 1].

Observation: We have ¢ + 1 numbers xi, ..., xc, p drawn uniformly from [0, 1] and we are only
interested in their order (or specifically, the location of p in their order): the order
X1,...,Xc, p is uniformly random over all permutations.
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3. Beautiful Math: Equivalent formalization: for card i, draw uniform random number x; from [0, 1],

Observation:

Consequence:

card i is upside down if x; < p. Recall that p is also drawn uniformly from [0, 1].

We have ¢ + 1 numbers xi, ..., xc, p drawn uniformly from [0, 1] and we are only
interested in their order (or specifically, the location of p in their order): the order
X1,...,Xc, p is uniformly random over all permutations.

If we draw ¢ cards and u are upside down, then this means that u cards x; are put
before p and ¢ — u cards are put after c¢. For the conditional probability g(c, u) that
card ¢ + 1 is upside down, we must consider all ways to put card x.11 in the order of
X1, X2, . .., Xc, p and all options are equally likely. There are u+ 1 locations before p (in

which card ¢ + 1 is upside down) and ¢ — u + 1 locations after p (in which card ¢ + 1

u+1
c+2°

is right side up), so q(c, u) =
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3. Beautiful Math: Equivalent formalization: for card i, draw uniform random number x; from [0, 1],

Observation:

Consequence:

Fun fact:

card i is upside down if x; < p. Recall that p is also drawn uniformly from [0, 1].

We have ¢ + 1 numbers xi, ..., xc, p drawn uniformly from [0, 1] and we are only
interested in their order (or specifically, the location of p in their order): the order
X1,...,Xc, p is uniformly random over all permutations.

If we draw ¢ cards and u are upside down, then this means that u cards x; are put
before p and ¢ — u cards are put after c¢. For the conditional probability g(c, u) that
card ¢ + 1 is upside down, we must consider all ways to put card x.11 in the order of

X1, X2, . .., Xc, p and all options are equally likely. There are u+ 1 locations before p (in
which card ¢ + 1 is upside down) and ¢ — u + 1 locations after p (in which card ¢ +1
is right side up), so q(c,u) = £

Note that this technique immediately proves the formula for the beta-function (for
non-negative integers a, b).
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Wrap up: We know that g(c, u) = % This gives the dynamic program:

c—u+1
c+2

u+1

c+2

f(c,u) = “(Flc+ 1 u)+x) +

-min(f(c+1,u+1)+y,f(c+1,c—u)+2)

Calculate it from ¢ = nto ¢ = 0 for all 0 < u < ¢ with base case f(n, u) = 0 for all v.
The answer is (0, 0).
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f(c,u) = “(Flc+ 1 u)+x) +

-min(f(c+1,u+1)+y,f(c+1,c—u)+2)

Calculate it from ¢ = nto ¢ = 0 for all 0 < u < ¢ with base case f(n, u) = 0 for all v.
The answer is (0, 0).

Running time: O(n?)
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Wrap up: We know that g(c, u) = % This gives the dynamic program:

= 1
fle,u) = S20= - (Fle+Lu) +x) +
ZI; -min(f(c+1,u+1)+y,f(c+1,c—u)+2)

Calculate it from ¢ = nto ¢ = 0 for all 0 < u < ¢ with base case f(n, u) = 0 for all v.
The answer is (0, 0).

Running time: O(n?)
Fun fact: O(n\/—nloge) is possible
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Wrap up: We know that g(c, u) = "“ This gives the dynamic program:

c—u+1
c+2

u+1

c+2

f(c,u) = “(Flc+ 1 u)+x) +

-min(f(c+1,u+1)+y,f(c+1,c—u)+2)

Calculate it from ¢ = nto ¢ = 0 for all 0 < u < ¢ with base case f(n, u) = 0 for all v.
The answer is (0, 0).
Running time: O(n%)
Fun fact: O(n\/—nloge) is possible
Fun fact 2: For ¢ := ;7= <1, the answer is asymptotically (— —i(l-¢) ) n+ O(y/n), which
can be obtained by only flipping all cards after \/n moves if at least C“ n cards were
upside down.
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Wrap up: We know that g(c, u) = "“ This gives the dynamic program:

c—u+1
c+2

u+1

c+2

f(c,u) = “(Flc+ 1 u)+x) +

-min(f(c+1,u+1)+y,f(c+1,c—u)+2)

Calculate it from ¢ = nto ¢ = 0 for all 0 < u < ¢ with base case f(n, u) = 0 for all v.
The answer is (0, 0).

Running time: O(n%)
Fun fact: O(n\/—nloge) is possible

Fun fact 2: For ¢ := ;7= <1, the answer is asymptotically (— —i(l-¢) ) n+ O(y/n), which
can be obtained by only flipping all cards after \/n moves if at least C“ n cards were

upside down.
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